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We show that a sonic analogue of rotating BTZ type of black hole can be realised in a quasi-two-
dimensional spin-orbit coupled BEC without any external rotation. The corresponding equation for
phase fluctuations in total density mode that describes phonon field in hydrodynamic approximation,
is described by a scalar field equation in 2 + 1 dimension whose space-time metric can be identified
with the space-time metric of rotating black hole of BTZ type. By time evolving the condensate in a
suitably created laser induced potential, we show that the the moving condensate forms such rotating
black hole in an annular region bounded by inner and outer event horizon as well as elliptical ergo
surfaces. We discuss the self amplifying density modulations as well as the distribution of supersonic
and subsonic zones in such rotating black hole that strongly depends on the spin-orbit coupled
anisotropy that can be tested in experiments. We also calculate the density-density correlation in
such analogue rotating black hole and the distribution of the analogue Hawking temperature on the
event horizon.
PACS numbers:
The Hawking radiation [1, 2] from a black hole (BH),
formed at a particular stage of stellar evolution, is be-
lieved to hold the key to the understanding of compat-
ibility of Quantum Mechanics to the Einstein’s General
Theory of Relativity (GTR). However, a direct measure-
ment of real BHs to resolve such issues is less likely even
in a foreseeable future. Analogue systems in quantum
fluids that can kinematically simulate such behaviour [3]
are therefore very important. Recent observation of stim-
ulated Hawking radiation from sonic black hole (SBH) in
ultracold atomic superfluid of a Bose-Einstein condensate
(BEC) of 87Rb [4, 5] is a major step towards this direc-
tion. This was followed by another experiment where a
sonic analogue of expanding universe was realised in a su-
personically expanding ring-shaped 23Na BEC [7]. Ultra-
cold atomic systems thus emerged as a frontier candidate
to test phenomena related to Gravitation and Cosmology
through analogue experiments.
Analogue SBH in ultracold superfluid exists due to
the fact that the hydrodynamic equation of phonons,
which are the low energy quasiparticles of such atomic
superfluid, takes a covariant form with a curved space-
time metric, mimicking the curved space-time in GTR
near a BH [8, 9]. The background induced metric of
such SBH realized in recent experiments[4–6] is described
by a 1 + 1 dimensional generalisation of static singu-
lar Schwarzschild metric [10], that describes the simplest
curved space-time in GTR. Consequently, such SBH does
not contain a very important quantity that characterises
a real BH generated from a spinning star, namely the
angular momentum of a BH. Such BHs with angular
momentum are called rotating black holes (RBH) [11].
The space-time ripples called gravitational waves, cre-
ated through the collisions of such RBHs was first time
detected in LIGO [12] recently and recharged the inter-
est in black-hole physics enormously. The background
space-time metric that characterizes such RBH has a dif-
ferent expression as compared to the Schwarzschild met-
ric [13, 14]. It is therefore legitimate to ask what type
of ultracold BEC can serve as the vacuum for phonons
whose hydrodynamic equation governs the metric of a
curved space-time around a RBH? In this paper we show
that spin-orbit coupled (SOC) can realises a sonic RBH
(SRBH) in 2 + 1 dimension, which is the sonic analogue
of well known BTZ (Ban˜ados, Teitelboim and Zanelli)
black holes in 2 + 1 dimensional gravity [14, 15]. We
show that for a two component SOC-BEC, in the limit
where polarisation density sz is much less than the total
density nd, the phonon field is described by
1√−g ∂µ(
√−ggµν∂ν θ˜d) = 0 (1)
where θ˜d is the fluctuation in the phase of the super-
fluid BEC in the total density mode and gµν is the space
time metric. Eq.(1) is massless scalar field equation in
an analogue curved space-time like a single-component (
henceforth called scalar) BEC, but with a fundamentally
different gµν . In a scalar BEC [6], gµν is a function of
the condensate speed v and the sound velocity c both of
which are isotropic. The velocity field v= ~m∇Φ is irrota-
tional, where Φ is phase of the superfluid order parameter
[16, 17] and m is the atomic mass. Thus an appreciable
azimuthal flow of such superfluid is not expected, unless
they are rotated externally at sufficient angular velocities
to introduce vorticity [18] that can be achieved in several
analogue mediums [19–23].
In contrast to irrotational behavior of a scalar BEC su-
perfluid without external rotation, in a SOC-BEC super-
fluid it is possible to introduce synthetic rotation through
internal properties [24, 25]. The anisotropic expansion of
such SOC BEC in free space [25], gives an anisotropic
velocity profile. Thus gµν in Eq.(1) of such SOC-BEC
promises a more exotic analogue space-time. This paper
shows that such analogue space-time interval of a SOC-
BEC has the same form as the well known BTZ solution
for RBH in 2 + 1 dimensional gravity [14].
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2The subsequent simulation shows that even though less
in magnitude compared to the radial velocity, expanding
condensate indeed have a finite azimuthal component of
the velocity which changes with its anisotropy. Thus for
such RSBH, apart from an event horizon like the case
of a scalar condensate [4, 5], an ellipitically shaped ergo-
region [9], also exists. We subsequently discussed stimu-
lated Hawking radiation from such RSBH.
To characterise such RSBH we need to calculate the
phonon (sound) velocity in the SOC-BEC and the con-
densate velocity that violates irrotationality. We start
with following spinorial time dependent Gross-Pitaevskii
(GP) equation:
i~
∂ψκ
∂t
=
[
~2
2m
(−i∂x − κmη~ )
2 − ~
2
2my
∂2y + V2D(r, t)
]
ψκ
+ g2D
(
|ψ+|2 + |ψ−|2
)
ψκ, κ = ± (2)
Eq.(2) is derived by considering 87Rb atoms with spin-
orbit interactions and treating the inter and intra- species
interaction strengths to be equal [26]. The corresponding
single particle Hamiltonian, hˆ = p
2
2m Iˇ − ηpxσˇy − η′pyσˇz
where p = {px, py, pz}, with non-abelian gauge poten-
tial A : m(ησˇy, η
′σˇz, 0) ( details in [29]). r = (x,y),
my =
m
(1−( η′η )2)
, σˇ and Iˇ’s are Pauli and Identity matri-
ces respectively, η,η′ are SO couplings with η′ < η, and
the external potential V2D (Fig.1) includes the harmonic
confinement. Also, g2D =
Vint√
2pia⊥
, Vint =
4pi~2as
m , as is the
interatomic scattering length, a⊥ =
√
~
mωz
is the trans-
verse harmonic oscillator length.
Diagonalisation of the single particle dispersion, sub-
sequent projection into the lowest energy band and fi-
nally Bogoliubov approximation in this lowest band in-
cluding interaction yields Bogoliubov dispersion for the
total density, nd = n+ + n− and polarization density,
sz = n+ − n− given as: ~Ωd =
√
E−(p)[E−(p) + 2gn¯d]
and ~Ωz = E−(p) where E−(p) = p
2
x
2m +
p2y
2my
+
p2z
2m , n¯d is
the background density [27, 29]. In the long wavelength
limit, the sound velocities for density (s) and polarisation
(z) modes can be calculated as c
x,y
s,z = ~
dΩd,z
dpx,y
∣∣∣∣
px,py→0
[29].
For our case cx,yz = 0, with same inter and intra species
interaction strength and we set cx,ys = c
x,y.
Denoting spinor order parameter as Ψ(r) =
[ψ+(r), ψ−(r)]T , the components of current j that in-
clude the effect of anisotropy and the gauge field (details
in [29]) are given by
jx =
~
2im
(
Ψ†∂xΨ−ΨT ∂xΨ∗
)
− ηΨ†σˇzΨ
jy =
~
2imy
(
Ψ†∂yΨ−ΨT ∂yΨ∗
)
(3)
Hydrodynamic formalism: We write ψκ(r, t) =√
nκ(r, t)e
iθκ(r,t) in terms of density nκ and phase θκ
in Eq.(2) and then consider nκ(r, t) → n¯κ(r) + n˜κ(r, t),
θκ(r, t) → θ¯κ(r) + θ˜κ(r, t). In the limit s¯z << n¯d [24–
26, 28] through a straight-forward but lengthy algebra,
the linearised hydrodynamic equations yield Eq.(1) ( de-
tails in [29]), a second order differential equation for
θ˜d = θ˜+ + θ˜−, that describes phonon field with
gµν =
mmy
nd2
 −1 −vx −vy−vx cx2 − vx2 −vxvy
−vy −vyvx cy2 − vy2
 (4)
Here, vx = ~mn¯d [n¯+∂xθ¯+ + n¯−∂xθ¯−] −
ηs¯z
n¯d
, vy =
~
myn¯d
[n¯+∂y θ¯+ + n¯−∂y θ¯−], n¯d = n¯+ + n¯−, s¯z = n¯+ − n¯−
and cy =
√
gn¯d
my
< cx =
√
gn¯d
m . Anisotropy makes metric
gµν different from a scalar condensate [30] and gives an
elliptic event horizon with cs =
√
cx2 + cy2.
BTZ metric: The acoustic metric determines the in-
variant acoustic interval, ds2 = gµνdx
µdxν of sonic SOC-
BEC black hole (for details [29]):
ds2 =
n¯2d(1+α)
mmycs2
[
−
(
cs
2
(1 + α)
− [vx2 + v
y2
α
]
)
dt2
− 2
(
vxdx+
vydy
α
)
dt+ (dx2 +
dy2
α
)
]
(5)
with α = 1− (η′η )2.
To write ds2 in Eq.(5), as BTZ metric for RBH in 2+1
dimensions, we note that the corresponding line element
of such a metric in (t,R,φ) coordinates where R=(x, y√
α
),
is given as [14, 31]: ds2 = gttdt
2 + 2gtφdtdφ+ gRRdR
2 +
gφφdφ
2. Accordingly, in polar coordinates (R,φ) and
with transformations dt → dt + vR
cs2
(1+α)
−vR2 dR, dφ →
dφ+ v
Rvφ
cs2
(1+α)
−vR2
dR
R , Eq.(5) becomes
ds2 = n¯2d
(1 + α)
mmycs2
[
−
(
cs
2
(1 + α)
− [vR 2 + vφ 2]
)
dt2
− 2vφRdtdφ+ dR
2
1− vR2
cs2
(1+α)
+R2dφ2
]
(6)
similar to BTZ RBH metric where vx = |v| cosφ, vy√
α
=
|v| sinφ. The angular momentum per unit mass is given
by gtφ component observed from the outside of a rotating
SBH in analogy with the actual BH, at a radial distance
R, is J = vφR. Schwarzschild metric coressponds to
static case where the cross-terms of space and time (and
hence, gtφ) does not appear. The “Acoustic Ergosurface”
and “Acoustic Horizons” respectively can be defined from
(more details in [29]) ‘gtt’ and ‘gRR’ components which
gives,√
vR
2
+ vφ
2
=
cs√
(1 + α)
; |vR| = cs√
(1 + α)
(7)
3FIG. 1: (color online).(top) Cross-section ( along
x-axis) of the potential experienced by the SOC-BEC at
20 ms, (bottom) total density evoltution at t(ms) :
20,50 and 80 (top to bottom in each column) for η′/η =
0.4, 0.78. The white dashed lines in each figure
represents the location of the step.
c2s
(1+α) ≤ (vR
2
+ vφ
2
) defines the ergoregion as gtt ≥
0 for such a region. The non-zero gtφ, implies a local
angular velocity for a non-rotating test particle [32, 33],
ω = − gtφgφφ = − v
φ
R .
To simulate the RSBH through the Eq.(2) we now
time evolve this SOC-BEC in a two-dimensional time-
dependent potential, (see Fig.1(top)) V2D(r, t) = V (r) +
Vstep(r, t). Here V (r) =
1
2m(ω
2
xx
2 + ω2yy
2) and
Vstep(r, t) = −VsΘ(rs(t) − r), with Vs (∼ 5 kB nk) is
the circular step, rs(t) = −vst + rs(0) is its instanta-
neous position, where vs (∼ 0.21 mm s−1) is the constant
speed with which aperture of the step potential closes de-
creasing its cross-sectional width, w(t) and rs(0) is the
initial position. The above potential is an azimuthally
symmetric potential to accelerate a two dimensional con-
densate as compared to the waterfall potential that sim-
ulate 1 + 1 dimensional SBH [4–6]. This type of model
potential can be experimentally realized with the cur-
rent available masking techniques [34] where dynamical
potential to be experienced by the atoms is written on a
digital micromirror device (DMD)(described in [7]). For
our simulations, we considered SOC-BEC at the centre
of the harmonic trap and then adiabatically closed the
circular aperture width with time. Also ωx = ωy = 2pi×
4.5 Hz, ωz = 2pi× 123 Hz, N∼6000. For 87Rb the scat-
tering length a is 5.1 ×10−9, mass m =1.44×10−25Kg,
charateristic length, xs=0.3407×10−5m.
Time evolution of nd for
η′
η = (a)0.4, (b)0.78 is shown
in Fig.1(bottom) when width of the circular step poten-
tial is decreased. In either cases, the density modulation
forms a set of concentric ring like fringes with alternat-
ing maxima and minima in an annular region with more
anisotropy with the increase in η
′
η . For demonstration
purpose we also plotted the phase of one particular case
in [29]. The sonic analogue of the BTZ black hole is
formed in this annular region.
The density modulations in this region gets self ampli-
fied with time that is reminiscent of the similar density
modulation in one-dimensional SBH in recent experimen-
tal and theoretical studies [4–6, 35, 36]. However, the re-
lation of this self amplifying density modulation to self-
amplifying Hawking radiation [29] and associated sonic
black hole lasing requires a careful mode analysis [4, 36–
38] that we plan to do in future [39]. For the present case
even though the density modulation is mostly radial for
the values chosen in our simulation, for higher anisotropy
(Fig.1(b)), longer time simulation (80 ms) shows clear
formation of interference fringes along the azimuthal di-
rection. To investigate further we also plot the regions
of subsonic and supersonic velocity corresponding to this
density modulation (Fig.2(b1,b2)) using Eq.(3) [29] . We
observed a stratified structure of subsonic and supersonic
zones (Fig.2(b1,b2)) apart from the outermost and inner-
most boundary’s due to the modulated density pattern.
These structures gets substantially modified with increas-
ing anisotropy.
Fig.2(a1,a2) shows the plot of components of current
vector superposed with the event horizon and ergosurface
given by Eq.(7). For the present study vφ/vR  1, thus
these two regions almost coincide within our numerical
accuracy. However a closer inspection of Fig.2(a2) for
the higher value of anisotropy shows the presence of az-
imuthal flow that leads to some separation between the
the outer boundary of the ergo-region and the event hori-
zon, indicating a relatively larger azimuthal velocity. The
direction of the current vectors in the same figure also
shows effect of anisotropy.
Correlation function and Hawking temperature: Moti-
vated by the effect of anisotropy on the density modula-
tion that shows strong azimuthal dependence at higher
η′
η , we calculate the two-point, equal time connected
density-density correlation function, G(2)(r, r′; ζ) =<
δnd(r, ζ)δnd(r
′, ζ) > along different azimuthal directions,
4FIG. 2: (color online).(a1,a2) To illustrate the azimuthal flow, we plot j for η′/η =0.4,0.78 respectively at 80 ms.
Length of arrows represent the magnitude of the current, |j|. Figures are superposed with the boundaries of the
event horizon(red) and ergorsurface(black). Inset shows slight demarkation between the two. (b1,b2) shows the
division of supersonic and subsonic regions for the parameters in (a1,a2); (c) shows the Hawking temperature and
correlation function for various marked angles, ζ at 80 ms.
where δnd = nd− < nd > is the fluctuation in the den-
sity. The expectation values in the correlation functions
are computed by taking an ensemble, of about 100 by
considering variations in the number of atoms in the con-
densate which can always occur in BEC experiments (For
detailed methodolgy, see [29, 35]) and ζ is angle in x-y
plane. Whereas, in usual analogue black hole models, the
correlation behaviour is isotropic in space at a given time,
here at increased anisotropy η
′
η = 0.78, we see a distinct
azimuthal variation of the correlation function (Fig.2),
that can experimentally characterise such analogue BTZ
BH in a SOC-BEC.
The Hawking temperature TH , that is calculated from
the surface gravity gH ( see [29] ) at the outer and inner
horizon of this analogue BTZ black hole can be calculated
by generalising the methodology used for sonic black hole
in scalar condensate [4, 9] in recent experiment, namely
TH =
~
2pikB
(
d
dn
[
cs√
(1 + α)
− v′ · nˆ] + d
dn
[g(η, η′) · nˆ]
)∣∣∣∣
hz
(8)
where kB is the Boltzmann’s constant and ‘n’ corre-
sponds to spatial coordinate normal to the horizon (hz).
For an arbitrary flow, the “surface gravity” gH of an
acoustic horizon depends on the normal derivative of
the local speed of sound and the normal component
of the flow velocity at the horizon [9]. Here, v′ =
~
2imnd
(
Ψ†∇Ψ+ΨT∇Ψ∗
)
and g(η, η′) = xˆ ηndΨ
†σˇzΨ+
yˆ ~η
′2
2imndη2
(
Ψ†∂yΨ+ΨT ∂yΨ∗
)
. TH and gH are expected
to be direction dependent due to anisotropic behaviour of
the sound and the flow velocities. This is demonstrated in
Fig. 2(c) by plotting the spatial distribution of Hawking
temperature at 80 ms over the inner and outer horizon
(details in [29]).
In conclusion we show that a SOC-BEC in a suitable
laser driven potential can realise an analogue rotating
SBH of BTZ type, in the absence of any external rotation.
The features of such analogue BTZ black hole includes
strong anisotropy in the self amplifying density modu-
lation, inner and outer horizon as well as ergo-surface
and a stratified transition from supersonic to subsonic
region through self amplifying density modulations that
strongly depends on the spin-orbit coupling parameters.
We expect that our studies will lead to interesting exper-
iments in ultra cold atomic system to explore analogue
RBH and their behaviour in future.
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